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We employ group theory to study the properties of the lattice vibrations and magnetic order
in the antiferromagnetic topological insulator MnBi2Te4, both in bulk and few-layer form. In the
paramagnetic phase we obtain the degeneracies, the selection rules, and real-space displacements
for the lattice vibrational modes for different stacking configurations. We discuss how magnetism
influences these results. As a representative example, we consider a double septuple layer system
and obtain the form of the magnetic order allowed by the symmetries of the crystal. We derive the
allowed coupling terms that describe the paramagnetic to antiferromagnetic transition. Finally, we
discuss the implications of our results for Raman scattering and other optical measurements. Our
work sets the stage for a deeper understanding of the interplay of lattice modes, band topology, and
magnetic order in MnBi2Te4 and other symmetry-related materials.
I. INTRODUCTION
The discovery of the integer quantum Hall effect1 and
its subsequent explanation in terms of the underlying
topology of the band structure2 has led to a new per-
spective on phases of matter, exemplified by topologi-
cal insulators2–7 and certain unconventional supercon-
ductors8–10. The quantum spin Hall effect in two di-
mensions11, time-reversal invariant topological insulating
phases in three dimensions12–14, topological crystalline
insulators15, higher-order topological phases with gapped
bulk and surfaces but conducting hinges16–18, and frac-
tionalized variants of these phase19–24 are all outgrowths
of topological ideas rooted in the quantum Hall effects.
The exploration of topological phases has not been lim-
ited to condensed matter systems: there have been ad-
vances in optical lattices25, photonics 26, mechanical
and acoustic systems27,28, and out-of-equilibrium sys-
tems29,30.
The interplay of topological phases with correlated
states of matter, such as magnetism, is currently one
of the most interesting aspects in the field31. Mag-
netic topological insulators (MTIs) can host several in-
teresting phenomena such as the quantized anomalous
Hall (QAH) effect, characterized by a robust quantized
Hall conductivity in the absence of an applied mag-
netic field32,33. In two-dimensions, the QAH effect
was predicted34 and observed in thin-film magnetically
doped topological insulators35,36. In three-dimensions,
symmetry protection can lead to an axion insulating
phase, where the axion term in the electromagnetic La-
grangian37 is, Lθ = θe2/(2pih)E · B, with θ = pi pro-
tected by the bulk inversion symmetry induces a quan-
tized magnetoelectric effect (in units of the finite struc-
ture constant). These axion insulators have been real-
ized in doped (Bi,Sb)2Te3 heterostructures, as revealed
Bi Te Mn
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FIG. 1. (Color online) Paramagnetic MBT with (a) hexag-
onal and (b) rombohedral unit cells, which contain a single
Te-Bi-Te-Mn-Te-Bi-Te septuple layer. (c) Crystal structure
viewed along the c-axis in the hexagonal setting. (d) Anti-
ferromagnetic ordering of bulk MBT between two adjacent
Mn layers, showing only the magnetic atoms for clarity. This
figure was created with VESTA41.
by electrical transport measurements38–40.
The search for compounds which can intrinsically host
magnetic topological phases led to the recent theoret-
ical prediction42–44 and experimental realization42,45 of
MnBi2Te4 (MBT) and related compounds MnBi4Te7
46
and MnBi8Te13
47. Bulk MBT is a van der Waals com-
pound (Fig. 1 shows the crystal structure) which exhibits
ferromagnetic (FM) order within each Mn plane and an-
tiferromagnetic (AFM) order between the layers below
TN ≈ 24K42,48.
In its paramagnetic phase, MBT is a strong topolog-
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2ical insulator protected by time-reversal symmetry with
a gapped bulk and protected surface states49. Below the
critical temperature, AFM order sets in and MBT tran-
sitions into an AFM TI phase protected by the compo-
sition of time-reversal and a translation in the c-axis by
half a lattice constant42. Theoretically, it was proposed
that when the sample is terminated along the (111) sur-
face, the symmetry is broken at the surface and gapped
surface states are obtained42,43. Subsequent angle re-
solved photon emission spectroscopy (ARPES) measure-
ments indeed observed the predicted gapped bulk and
surface states42,50–52. However, the relation of the sur-
face state gap to the magnetic order is still under inves-
tigation50–52, including reports of gapless surface states
using high-resolution ARPES53,54.
The topological nature of the system has been re-
vealed through magneto-transport measurements which
have shown the QAH effect in five septuple-layer MBT
at low temperatures55 and axion insulating states at zero
magnetic field in six septuple-layer samples56. Finally,
as a function of an applied magnetic field parallel to the
crystal c-direction (hexagonal cell), bulk MBT presents
a spin-flop transition at 3.5 T42,55, which characterizes
the strength of the interlayer interaction.
Given that MBT is a van der Waals compound42, it is
possible to exfoliate septuple layers (SL) and form few-
layer stable structures55,56. As shown by experiments
55,56 and first-principles calculations57, the topological
and magnetic properties of MBT depend on the num-
ber of layers57. These thickness-dependent features open
up the possibility to combine MBT with other van der
Waals materials to create heterostructures with designer
properties58.
In parallel to these developments on topology and
magnetism, there is increasing interest in controlling
magnetic and other correlated states using light59–90.
For this application, low-frequency (THz regime) drives
are desirable, since they minimizes heating issues inher-
ent in driven interacting systems. In this regime, the
phonons become the relevant degrees of freedom and
their non-linear interactions provide a mechanism to ma-
nipulate the lattice in a controlled manner. The in-
duced lattice distortions can in turn influence a corre-
lated state, such as magnetism, and induce transitions
on demand73–75,91–95.
Motivated by the dependence of the topological prop-
erties of MBT on the number of layers–as shown in
experiments–and its potential application in light-driven
heterostructures, in this work we use group theory to an-
alyze the properties of the lattice vibrations as a function
of the number of layers and the symmetry aspects of the
magnetic transitions.
Group theory approaches have been used to study two-
dimensional transition metal dichalcogenides96 and phos-
phorene multilayer systems97. Here, we consider both
bulk and few-septuple layer MBT in its paramagnetic
phase assuming different stacking configurations and the
symmetry allowed magnetic phases. Our results could be
used to interpret Raman measurements and distinguish
stacking patterns though the angular dependence of the
modes.
Our work is organized as follows. In Sec. II, we study
the bulk vibrational modes in the paramagnetic phase.
For double-SL MBT (d-MBT), we consider several stack-
ing configurations between the SLs, obtain the space
group, the phonon selection rules, and lattice displace-
ments. For tri-SL MBT (t-MBT), we consider the bulk-
like ABC stacking and selected misaligned structures and
determine their impact on the phonon properties. In Sec.
III, we study the symmetry aspects of the transition from
the paramagnetic to the AFM phase focusing on d-MBT.
Finally, in Sec. IV, we discuss the implications of our
analysis to experimental measurements and present our
conclusions. Throughout this work, we employ the group
theory packages ISOTROPY98, GTPack99,100 and the Bil-
bao crystallographic server101.
II. VIBRATIONAL MODES IN THE
PARAMAGNETIC PHASE
A. Bulk
In this section, we consider MBT in the paramagnetic
phase, where the crystal symmetries fully determine the prop-
erties of the vibrational modes. Figure 1 shows the conven-
tional unit cell (the primitive unit cell contains one Mn, two
Bi, and four Te atoms, for a total of N = 7 atoms.). The crys-
tal is formed by Te-Bi-Te-Mn-Te-Bi-Te septuple layers (SLs)
staked on top of each other. Bulk MBT belongs to the space
group R3¯m (166)42 with point group D3d.
The character table for D3d is shown in Appendix B.
The symmetry operations of the point group are
{E, 2C3, 3C′2, i, S6, 3σd}, and the irreducible representa-
tions (irreps) are A1g, A2g, Eg, A1u, A2u, Eu. Notice that
inversion is a symmetry of the lattice and therefore the irreps
can be labeled by their transformation properties under
inversion: g for even and u for odd transformation.
The irreducible representations of the vibrational modes
are given by Γvib. = Γ
equiv ⊗ Γvec102, where Γequiv is the
equivalence representation, determined by the atoms that do
not change positions upon application of the group symmetry
operations. Here Γvec = Eu ⊕ A2u corresponds to the repre-
sentation of the vector in the point group D3d. Then, we find
Γequiv = 4A1g ⊕ 3A2u, which leads to the lattice vibration
representation
Γvib. = 3A1g ⊕ 4A2u ⊕ 3Eg ⊕ 4Eu, (1)
upon expansion into irreps. We have 7 non-degenerate (A)
and 7 doubly-degenerate (E) phonon modes for a total for
3N = 21 modes. Since the point group contains inversion,
we can distinguish between infrared (IR) and Raman active
modes. The infrared modes transform as a vector Γvec, while
Raman modes transform as Γvec ⊗ Γvec = 2A1g ⊕A2g ⊕ 3Eg.
In this case, 9 modes are Raman active (3 with totally sym-
metric A1g representation and 3 with doubly-degenerate Eg
representation) and 12 IR active modes, including the acous-
tic modes (A2u ⊕ Eu)103.
In a Raman scattering experiment, the contribution of
the Raman mode ν to the total intensity of the signal is
3(a) A1g (b) A2u
Eg(c)
Eu(d)
FIG. 2. (Color online) Lattice vibrational modes for bulk
MBT in the paramagnetic phase. The red arrow indicates
the direction of the atomic motion. The color coding of the
atoms is the same as in Fig.1. This figure was created with
VESTA41.
Iν ∝
∣∣∣∑α,β={x,y,z} eαinRναβeβout∣∣∣2, where eαin/out are the polar-
ization vectors of the incoming and outgoing light and Rναβ
are the components of the Raman tensor for mode ν. The to-
tal intensity has the form I(ω) = I0
∑
ν gνIνδ (ω − ων), where
ω is the probe frequency, and gν is an occupation pre-factor
which depends on whether we have a Stokes or an antiStokes
process. I(ω) can be derived from third-order perturbation
theory, for detailed derivations see Ref. 104.
Therefore, the selection rules for the Raman modes are de-
termined by the Raman tensors R, since the Raman intensity
can be non-zero in a given Raman setup is the corresponding
elements of the Raman tensor are non-zero. For paramagnetic
MBT, the Raman tensors R are given by105
R(A1g) =
a 0 00 a 0
0 0 b
 (2)
R(a)(Eg) =
c 0 00 −c d
0 d 0
 , R(b)(Eg) =
 0 −c −d−c 0 0
−d 0 0
 . (3)
The real-space displacements, which bring the dynamical
matrix into a block-diagonal form where each block corre-
sponds to a different irrep100,102, can be obtained constructing
the projection operators100,102
Pˆ
(Γn)
kl =
ln
h
∑
Cα
(
D
(Γn)
kl (Cα)
)∗
Pˆ (Cα), (4)
and applying them to arbitrary displacements. Here, Γn are
the irreps, Cα are the elements of the group, D
(Γn)
kl (Cα) is
the irreducible matrix representation of element Cα (which
are obtained with GTPack99,100), h = 12 is the order of D3d,
and ln is the dimension of the irreducible representation. Fi-
nally, Pˆ (Cα) are 3N×3N matrices that form the displacement
representation. Here, we employ the suite ISODISTORT to
efficiently find the real space displacements98,106 and Fig. 2
shows the 21 modes along with their irrep label. Interest-
ingly, for A1g and Eg modes, the magnetic Mn atoms do not
participate in the lattice vibrations.
In summary, in this subsection we characterized the vibra-
tional modes of bulk paramagnetic MBT. We obtained the
Raman and IR active modes, their selection rules determined
by the Raman tensors, and found the real-space vibrations
which bring the dynamical matrix to block-diagonal form. In
the next subsection, we consider few-layer MBT, and discuss
how these properties vary as a function of the number of layers
and different stacking configurations.
B. Few-septuple layers MBT
The weak van der Waals nature of the forces holding the
layers of MBT together allows one to obtain samples down
to the single SL limit (Te-Bi-Te-Mn-Te-Bi-Te)55,56. In this
section, we analyze the properties of the vibrational modes for
the case of a single SL (m-MBT), double SL layer (d-MBT),
and triple SL systems (t-MBT).
Single SL. For m-MBT the space group reduces to P 3¯m1
(164), which can be understood from the lattice structure
since m-MBT loses the symmetries composed with transla-
tions in the c-direction (hexagonal axis). The crystal struc-
ture is shown in Fig. 3(a), viewed along the c-axis (paral-
lel to the cartesian z axis). Nonetheless, the point group is
D3d as in bulk. Te atoms are located at Wyckoff’s positions
2d (1/3, 2/3, z) and 2c (0, 0, z), Bi atoms at 2d (1/3, 2/3, z),
and the Mn atom at 1b (0, 0, 1/2). Since m-MBT has the
same number atoms in the primitive unit cell as bulk MBT,
the representation for the lattice vibration is also Γvib. =
3A1g ⊕ 4A2u ⊕ 3Eg ⊕ 4Eu .
Now, let us consider the effect of in-plane strain on m-MBT,
which could result from placing the monolayer on a substrate.
We assume that strain is applied in the cartesian y-direction,
resulting in the distorted structure shown in Fig. 3(b). This
distortion leads to a lowering of the symmetry to the space
group C2/m, with point group C2h. The compatibility rela-
tions are shown in Fig. 3(c), which relate irreps in the D3d
and C2h point groups. The representation for the lattice vi-
bration becomes Γvib. = 6Ag+4Au+3Bg+8Bu, with Raman
tensors105
R(Ag) =
a d 0d b 0
0 0 c
 , R(Bg) =
0 0 e0 0 f
e f 0
 . (5)
Double SL. Now we consider the case of two SLs stacked
on top of each other. First, let us consider d-MBT with AB
4(a) (b)m-MBT Strained m-MBT
xˆ
yˆ
(c) Compatibility relations
A1u
A1g
A2g
A2u
Eg
Eu
D3d  ! C2h
Ag
Au
Bg
Bu
FIG. 3. (Color online) Crystal structure for (a) pristine m-
MBT and (b) strained m-MBT. The color coding of the atoms
is the same as in Fig.1. These figures were created with
VESTA41. (c) Compatibility relations for the group-subgroup
pair.
stacking (same stacking pattern as in bulk), which shares the
same space group with m-MBT, P 3¯m1 (164) with point group
D3d at wave vector Γ. In this case, the unit cell doubles in
size, hosting now N = 14 atoms in the unit cell. The Te atoms
are located at 2d; (1/3, 2/3, z) and 2c; (0, 0, z) Wyckoff’s po-
sitions, Mn atoms are placed at 2d positions, and Bi are at 2c
and 2d positions with different z coordinates. We find that the
equivalence representation is given by Γequiv = 7A1g ⊕ 7A2u,
which leads to the lattice vibration representation
Γvib. = 7A1g ⊕ 7A2u ⊕ 7Eg ⊕ 7Eu. (6)
We have 7A1g one-dimensional and 7Eg doubly-degenerate
Raman active modes. On the other hand, we have 6A2u one-
dimensional and 6Eu IR modes excluding the acoustic modes.
The real-space lattice displacements that block-diagonalize
the dynamical matrix with irreps A1g and A2u are shown in
Fig 4. Contrary to the bulk case, Mn atoms do participate in
the lattice displacements with A1g and Eg irreps (Eg and Eu
are shown in Appendix (A)). Notice that modes where the lay-
ers are uniformly displaced away and towards each other are
allowed. In particular, shear modes involving relative SL dis-
placements within the plane posses Eg representation. These
types of modes have been used to theoretically manipulate
the magnetic order in other bilayer van der Waals systems94
and induce ferroelectric switching in bilayer transition metal
dichalcogenides107 via non-linear phonon processes.
Because the fabrication processes for d-MBT can lead to
different stacking patterns when placing one SL on top of the
other, we now consider deviation from the bulk ABC pat-
tern and its consequence on the symmetry group. In Ta-
ble I we show the space group for different relative shifts
(a)
(b)
A1g
A2u
FIG. 4. (Color online) Lattice vibrational modes with irreps
A1g and A2u for d-SL MBT in the paramagnetic phase. The
dashed boxes enclose the different modes. The color coding
of the atoms is the same as in Fig.1. This figure was created
with VESTA41.
AA stacking 0 1/4 1/3 1/2 2/3 3/4
0 P 3¯m1 P 1¯ P 1¯ C2/m P 1¯ P 1¯
1/4 P 1¯ P 1¯ C2/m P 1¯ C2/m
1/3 P 1¯ P 1¯ P 3¯m1 P 1¯
1/2 C2/m P 1¯ C2/m
2/3 P 1¯ P 1¯
3/4 P 1¯
TABLE I. Space group for d-MBT with layers shifted by a
fraction of the lattice vectors, starting from an AA stacking
configuration. The table is symmetric, therefore we omit the
transpose slots for clarity.
between the layers. We construct this table by defining
the shifted bilayer systems and evaluating the space group
with ISOTROPY98,108. For example, d-MBT with AA stack-
ing, where the Mn atoms on opposite layers lie on top of
each other belongs to the space group P 3¯m1 (164), same
as with AB stacking. For most of the shifts considered,
the symmetry reduces to P 1¯, which only contains identity
{1|(0, 0, 0)} and inversion {I|(0, 0, 0)} symmetries. A set
of shits leads to the space group C2/m, with symmetry
operations: {1|(0, 0, 0)}, reflection combined with transla-
tion in the z-direction {σy|(0, 0, 1/2)}, a pure translation
{1|(1/2, 1/2, 0)}, and reflection {σy|(1/2, 1/2, 1/2)}. The spe-
cial shift (1/3, 2/3) leads to the original ABC stacking with
space group P 3¯m1. Notice that all the shifts considered pre-
serve inversion symmetry, and a generic shift can reduce the
symmetry to P1.
As a representative example of the systems with space
group P 1¯, we consider d-MBT-(0, 1/4). The point group at
the Γ point is Ci which has two irreps: Ag and Au. The
representation of the lattice vibrations is given by Γvib. =
5Number of SLs Space group Γvib.
Bulk R3¯m 3A1g ⊕ 4A2u ⊕ 3Eg ⊕ 4Eu
1 P 3¯m1 3A1g ⊕ 4A2u ⊕ 3Eg ⊕ 4Eu
2 P 3¯m1 7A1g ⊕ 7A2u ⊕ 7Eg ⊕ 7Eu
3 P 3¯m1 10A1g ⊕ 11A2u ⊕ 10Eg ⊕ 11Eu
4 P 3¯m1 14A1g ⊕ 14A2u ⊕ 14Eg ⊕ 14Eu
5 P 3¯m1 17A1g ⊕ 18A2u ⊕ 17Eg ⊕ 18Eu
TABLE II. Lattice vibration representation Γvib. for few-SLs
MBT with the bulk ABC stacking.
21Ag ⊕ 21Au, which corresponds to 21 Raman active modes,
and 21 IR modes, including the 3 acoustic modes. Due to its
low symmetry, this group does not impose restriction on the
elements of the Raman tensor for Ag. d-MBT-(0, 1/2) corre-
sponds to the space group C2/m with point group C2h which
has four one-dimensional irreps: Ag, Bg, Au, and Bu. We
find Γvib. = 14Ag ⊕ 7Au ⊕ 7Bg ⊕ 14Bu. The Raman tensors
for C2h are shown in Eq. (5). The different irreps for these
configurations would lead to different behavior of the Raman
spectrum as a function of the angle of the incident light. This
could help to distinguish the stacking patterns in d-MBT.
Triple and thicker SLs. t-MBT, quadruple SL MBT, and
quintuple SL MBT with ABC stacking share the same space
group and point group as d-MBT. The successive increase in
the number of atoms in the unit cell leads to an increase in
the number of phonon modes. In Table II, we display the
representation of the lattice vibrations Γvib. for these few-
layered systems.
For t-MBT, we now consider an ABB stacking pattern as
depicted in Fig. 5(a), which could be fabricated by placing
individual SLs on top of each other. The first two layers pre-
serve the stacking pattern of the bulk, but the top layer Mn
atoms are placed directly on top of the Mns atoms of the mid-
dle layer. This structure belongs to the space group P3m1
(156), with point group is C3v at the Γ point
98,108. C3v posses
identity operation, three-fold rotational symmetry, and three
mirror symmetries. This stacking pattern breaks inversion
symmetry, opening the possibility to obtain a second har-
monic generation signal in t-MBT, contrary to the case of
d-MBT, where all the stacking patterns considered preserved
inversion. The compatibility relations between the irreps of
D3d and C3v
101 are shown in Fig. 5. These relations are
relevant to describe the symmetry breaking process, and also
apply to the description of the effect on the symmetries of
an applied static electric field in the z-direction, which also
breaks inversion symmetry. The representation of the lattice
vibration is Γvib. = 21A1 ⊕ 21E and due to the absence of
inversion symmetry both irreps in Γvib. are Raman and in-
frared active. For the point group C3v, the Raman tensors
are shown in Eqs. (7)-(8)105.
R(A1) =
a 0 00 a 0
0 0 b
 (7)
R(a)(E) =
0 c dc 0 0
d 0 0
 , R(b)(E) =
c 0 00 −c d
0 d 0
 . (8)
In summary, in this section we analyzed the group theory
aspects of the lattice vibrations in few-layer MBT, and con-
sidered different deviations from the bulk stacking pattern.
A1g
A1u
A2g
A2u
Eu
Eg
E
A1
A2
D3d C3v
ABC stackingABB stacking(a) (b)
FIG. 5. (Color online.) (a) ABB and ABC t-MBT lattice
structures. The dotted lines between Mn atoms are drawn
to indicate the different stacking. The color coding of the
atoms is the same as in Fig.1. These figures were created with
VESTA41. (b) Compatibility relations between the irreps of
D3d and C3v.
In the next section, we consider the group theory aspects of
the magnetic transition below the critical temperature.
III. MAGNETIC ORDER IN d-MBT
In this section, we consider the symmetry aspects of the
magnetic transition in MBT, focusing on AB stacked d-MBT.
As discussed in the previous sections, d-MBT has space group
P 3¯m1 (164) with a D3d point group at the Γ point. The Mn
magnetic atoms are located at the (2d) Wyckoff’s positions
with coordinates (1/3, 2/3, z) and (2/3, 1/3,−z).
The relevant magnetic space group is P 3¯m11′, which is
obtained from the crystallographic space group P 3¯m1 by ad-
dition of its properties under a time-reversal operation T .
Different magnetic orders are allowed depending on the wave
vector of the magnetic order relevant for the transition, which
is determined by the magnetic unit cell considered. For ex-
ample, if the chemical unit cell and the magnetic unit cell are
identical, the associated wave vector is k = (0, 0, 0). In Ap-
pendix C we show the subgroups of P 3¯m11′ associated with
three high-symmetry points in the Brillouin zone: Γ, M , and
K. Each of the subgroups is associated with the onset of a
particular magnetic configuration. In Fig. 6, we present rep-
resentative cases for these three wave vectors and plot the
associated magnetic order.
Next, we discuss in detail the magnetic transitions associ-
ated with the wave vector k = (0, 0, 0), which corresponds
to cases where the chemical unit cell and the magnetic unit
cell are identical. The irreducible correpresentations (IC) are
shown in Table III, and were obtained following Ref. 109. The
magnetic order associated with each of the ICs listed in Table
III can be derived by inspecting the transformations of the
magnetic moments under the operation of the group, recall-
ing that it transforms as an axial vector localized on the Mn
atoms. Alternatively, the magnetic order can be derived with
ISOTROPY98. The A1g IC corresponds to a paramagnetic
phase. The A2g and Eg ICs are associated with out of plane
and in-plane FM order respectively, while A1u and Eu corre-
spond to the AFM order. The A2u IC is not associated with
magnetic order for the (2d) Wyckoff’s position occupied by
6P 3¯m11′ 1 2C3 3C2 I 2IC3 3IC2 T 2T C3 3T C2 T I 2T IC3 3T IC2
A1g (D3d) 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1
A1u (D3) 1 1 1 -1 -1 -1 1 1 1 -1 -1 -1
A2g (C3i) 1 1 -1 1 1 -1 -1 -1 1 -1 -1 1
A2u (C3v) 1 1 -1 -1 -1 1 -1 -1 1 1 1 -1
Eg (Ci) 2 -1 0 2 -1 0 -2 1 0 -2 1 0
Eu (C1) 2 -1 0 -2 1 0 -2 1 0 2 -1 0
TABLE III. Irreducible correpresentations of the magnetic P 3¯m11′ at the Γ point. In parenthesis we show the point group
associated with the crystallographic irreps.
Subgroup Order Index
D3d(−3m) 12 1
C3v(3m) 6 2
D3(32) 6 2
C3i(−3) 6 2
C3(3) 3 4
C2h(2/m) 4 3
Cs(m) 2 6
C2(2) 2 6
Ci(−1) 2 6
C1(1) 1 12
TABLE IV. Subgroups of D3d.
the Mn atoms.
The point group D3d possess three subgroups of index two
(they contain half of the elements of the group), as shown
in Table IV: C3v, D3 = {1, 3z, 3−1z , 2x, 2xy, 2y}, and C3i.
These groups are relevant because they are used to construct
the black and white magnetic point groups M (Shubnikov
point groups of the third kind) to describe magnetic order.
They have the group structure M = H + (D3d −H)T , with
H = C3v, D3, or C3i
109. Additionally, we can construct the
gray point group M = D3d +D3dT associated with the para-
magnetic phase, since T is a symmetry of the group.
Now, we derive a spin model to describe the transition
from the paramagnetic to the magnetically ordered state in
d-MBT. We follow the discussion presented in Refs. [109 and
110], which is restricted to transitions where the chemical and
magnetic unit cell are the same110, valid for ordering wave vec-
tor k = (0, 0, 0). As mentioned before, the two Mn atoms in
the unit cell are located at the Wycoff’s positions (2d) with
coordinates (1/3, 2/3, z), (2/3, 1/3,−z). We label the mag-
netic moments localized at each of the Mn atoms as s1 and
s2, respectively, and define the two vectors
M = s1 + s2, (9)
L = s1 − s2, (10)
which represent the total magnetization and the AFM or-
der parameter in the unit cell, respectively. First, we need
to study the transformation properties of M and L under
Magnetic moments {C+3z|(0, 0, 0)} {C2x|(0, 0, 0)} {I|(0, 0, 0)}
(Mx,My,Mz) (−1,−1, 1) (1,−1,−1) (1, 1, 1)
(Lx, Ly, Lz) (−1,−1, 1) (−1, 1, 1) (−1,−1,−1)
TABLE V. Transformation properties of the axial vectors M
and L under the generators of the point group.
(a)
(b)
(c)
P 3¯m01
wave vector  
P 3¯0m01
wave vector M
wave vector K
PC2/m PA2/c
P 3¯1m P 3¯1m0
FIG. 6. (Color online.) Symmetry-allowed magnetic moment
configuration for three different high-symmetry wave vectors:
(a) k = (0, 0, 0) (Γ), (b) k = (1/2, 0, 0) (M), and (c) k =
(1/3, 1/3, 0) (K). The corresponding magnetic space group is
shown below. The grey arrows indicate the magnetic moment
orientations.
the operations of the group. For this, it is sufficient to con-
sider the generators of P 3¯m1, which are99,100 {I|(0, 0, 0)},
{C+3z|(0, 0, 0)}, {C2x|(0, 0, 0)}, and {I|(0, 0, 0)}. Consider first
the two-fold rotation {C2x|(0, 0, 0)}, which switches the posi-
tion of s1 and s2. The spin components s
z
1,2 and s
y
1,2 switch
sign, while leaving sx1,2 unchanged. With this transformation
properties, we find that {C2x|(0, 0, 0)}M = (Mx,−My,−Mz)
and {C2x|(0, 0, 0)}L = (−Lx, Ly, Lz). On the other hand,
the three-fold rotation {C+3z|(0, 0, 0)} does not interchange s1
and s2. The spin components s
z
1,2 are parallel to the three-
7fold rotation axis, and do not change sign. Meanwhile, both
sx1,2 and s
y
1,2 components change sign. With this transforma-
tion properties, we find {C+3z|(0, 0, 0)}M = (−Mx,−My,Mz)
and {C+3z|(0, 0, 0)}L = (−Lx,−Ly, Lz). Inversion {I|(0, 0, 0)}
sends an atom on the top layer to the bottom layer, s1 ↔ s2
and does not affect the axial vectors.
In Table V, we summarize the transformation properties
of each of the components of M and L. Interactions are
allowed only among components that transform in the same
way under the operations of the group. From the results in
Table V, the following quadratic terms are totally symmetric:
M2x , M
2
y , M
2
z , L
2
x, L
2
y and L
2
z. We find that no cross terms
MiLj , MiMj , or LiLj are allowed by symmetry. These terms
are associated with relativistic effects and can lead to canted
states109. Therefore, from these considerations, we expect
either pure FM or pure AFM (collinear) order, depending on
the details of the energetics.
Recent magnetic force microscopy measurements have re-
vealed the presence of AFM domain walls at the surface of
MBT111, which are not captured in the present analysis. Fur-
thermore, other effects such as single-ion anisotropies, the fi-
nite size of the sample, and surface interactions are not taken
into consideration. These are natural topics for future studies.
IV. CONCLUSIONS
In conclusion, we presented a group theory study of the vi-
brational modes in bulk MnBi2Te4 (MBT) and few septuple-
layer MBT. We found the lattice displacements that bring the
dynamical matrix into a block-diagonal form, the Raman and
IR mode degeneracies, and their selection rules. For single
layer m-MBT, we considered additionally the effect of strain
possibly induced by a substrate and discussed its effect on
the vibrational modes. For double layer d-MBT, we obtained
the space group of the shifted structures, discussed the sym-
metries of the resulting lattice in each case, and obtained the
representation of the vibrational modes. We also showed how
the representation of the vibrational modes changes with the
number of SLs, considering up to five.
Our results can be used to help interpret Raman measure-
ments on few-layer MBT, and to guide the construction of van
der Waals heterostructures with specific desired symmetries.
In particular, trilayer t-MBT with ABB stacking presents bro-
ken inversion symmetry, which will exhibit a non-zero second-
harmonic generation signal and can be used to characterize
this stacking pattern.
We also discussed the group theory aspects of the mag-
netic order in d-MBT as a representative case, and obtained a
model to describe the magnetic transition taking into account
the symmetries of the lattice. The group theory analysis of
the magnetic order and vibrational mode we presented here
should lend themselves to being used as the basis of a more
refined analysis taking into account surface effects. Such an
extension should help understand the relationship between
the band topology and magnetic order in MBT, and other
symmetry-related materials.
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Appendix A: Lattice vibrational modes for d-MBT
In this appendix, we show the real-space displacements for
the two-dimensional representations Eg and Eu of d-MBT
with AB stacking.
(a)
(b)
Eg
FIG. 7. (Color online) Lattice vibrational modes with irreps
Eg for d-SL MBT in the paramagnetic phase. The color cod-
ing of the atoms is the same as in Fig.1. This figure was
created with VESTA41.
(a)
(b)
Eu
FIG. 8. (Color online) Lattice vibrational modes with irreps
Eu for d-SL MBT in the paramagnetic phase. The color cod-
ing of the atoms is the same as in Fig.1. This figure was
created with VESTA41.
Appendix B: Character tables
In this appendix, we list the character tables for point
groups considered in this work.
D3d E 2C3 3C
′
2 i 2S6 3σd functions
A1g 1 1 1 1 1 1 x
2 + y2, z2
A2g 1 1 -1 1 1 -1
Eg 2 -1 0 2 -1 0 x
2 − y2, xy, xz,yz
A1u 1 1 1 -1 -1 -1
A2u 1 1 -1 -1 -1 1 z
Eu 2 -1 0 -2 1 0 x, y
TABLE VI. D3d point group character table.
E C2 i σh functions
Ag 1 1 1 1 Rz , x
2, y2, z2, xy
Bg 1 -1 1 -1 Rx, Ry , xz, yz
Au 1 1 -1 -1 z
Bu 1 -1 -1 1 x, y
TABLE VII. C2h point group character table.
E 2C3 3σv functions
A1 1 1 1 z, x
2 + y2, z2
A2 1 1 -1 Rz
E 2 -1 0 (x, y) (Rx, Ry),
(
x2 − y2, xy) (xz, yz)
TABLE VIII. C3v point group character table.
Appendix C: Subgroups of P 3¯m1 at different wave
vectors.
In this appendix we list the subgroups obtained as a re-
sult of induced magnetic order with the high-symmetry wave
vectors k = (0, 0, 0) (Γ point), k = (1/2, 0, 0) (M point), and
k = (1/3, 1/3, 0) (K point).
Irrep Subgroup Order Parameter Direction
A1g P 3¯m1 (164.85) P1 (a)
A2g P 3¯m
′1 (164,89) P1 (a)
Eg C2/m (12.58) P1 (a, -1.732a )
Eg C2
′/m′ (12.62) P 2 (a, 0.577 a)
Eg P 1¯ (2.4) C1 (a, b)
A1u P 3¯
′m′1 (164.88) P1 (a)
A2u P 3¯
′m1 (164.87 ) P1 (a)
Eu C2
1/m (12.60) P1 (a,-1.732 a)
Eu C2/m
′(12.61) P2 (a, 0.577a)
Eu P 1¯
′ (2.6) C1 (a, b)
TABLE IX. Subgroups of P 3¯m1 at wave vector k = (0, 0, 0)
obtained with ISOTROPY. The columns indicates: the irreps,
the magnetic space group, and the order parameter direction
in representation space. Each irrep leads to a particular mag-
netic moment ordering. We did not constraint the magnetic
moments at the magnetic atoms Wyckoff’s positions.
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Irrep Subgroup Order Parameter Direction
M+1 PC2/m (10.49 ) P1 (a,0,0)
M+1 Ca2/m (12.64) P2 (a,a,0)
M+1 P 3¯m14 (164.85) P3 (a,a,a)
M+1 PS 1¯ ( 2.7) C1 (a,b,0)
M+1 C2/m (12.58 ) C2 (a,a,b)
M+1 P 1¯ (2.4) S1 (a,b,c)
M+2 PA21/c (14.83) P1 (a,0,0)
M+2 Ca2/m (12.64) P2 (a,a,0)
M+2 P 3¯m
′1 (164.89 ) P3 (a,a,a)
M+2 PS 1¯ (2.7) C1 (a,b,0)
M+2 C2
′/m′ (12.62) C2 (a,a,b)
M+2 P 1¯ (2.4) S1 (a,b,c)
M−1 PA2/c (13.73) P1 (a,0,0)
M−1 Ca2/m(12.64) P2 (a,a,0)
M−1 P 3¯
′m′1 (164.88 ) P3 (a,a,a)
M−1 PS 1¯ (2.7) C1 (a,b,0)
M−1 C2/m
′ (12.61) C2 (a,a,b)
M−1 P 1¯
′ (2.6) S1 (a,b,c)
M−2 PC21/m(11.57) P1 (a,0,0)
M−2 Ca2/m (12.64 ) P2 (a,a,0)
M−2 P 3¯
′m1 (164.87) P3 (a,a,a)
M−2 PS 1¯ (2.7 ) C1 (a,b,0)
M−2 C2
′/m (12.60 ) C2 (a,a,b)
M−2 P 1¯
′ (2.6) S1 (a,b,c)
TABLE X. Subgroups of P 3¯m1 at wave vector k = (1/2, 0, 0)
obtained with ISOTROPY. The columns indicates: the irreps,
the magnetic space group, and the order parameter direction
in representation space. Each irrep leads to a particular mag-
netic moment ordering. We did not constraint the magnetic
moments at the magnetic atoms Wyckoff’s positions.
Irrep Subgroup Order Parameter Direction
K1 P 3¯1m (162.73) P1 (a, 0)
K1 P 3¯
′1m′ (162.76 ) P2 (0, a)
K1 P312 149.21 C1 (a,b)
K2 P 3¯
′1m (162.75) P1 (a, 0)
K2 P 3¯1m
′ (162.77) P2 (0,a)
K2 P312
′(149.23) C1 (a,b)
K3 P31m (157.53) P 1 (a, 1.732 a,-1.732 a, a)
K3 P31m
′ (157.55) P2(a,−0.577a, 0.577a, a)
K3 C2/m(12.58) P4(a, 1.732a, 0, 0)
K3 C2
′/m (12.60) P7(0, 0, a,−0.577a)
K3 C2
′/m′ (12.62) P8(a,−0.577a, 0, 0)
K3 C2/m
′ (12.61) P9(0, 0, a, 1.732a)
K3 P3 (143.1) C1(a, b,−b, a)
K3 Cm(8.32) C2(a, 1.732a, b,−0.577b)
K3 Cm
′(8.34) C4(a,−0.577a,b, 1.732b)
K3 P 1¯ (2.4) C10(a, b, 0, 0)
K3 C2 (5.13) C11(a, 1.732a, b, 1.732b)
K3 C2
′(5.15) C15(a,−0.577a, b,−0.577b)
K3 P 1¯
′ (2.6) C16(0, 0, a, b)
K3 P1 (1.1) 4D1(a, b, c, d)
TABLE XI. Subgroups of P 3¯m1 at wave vector k =
(1/3, 1/3, 0) obtained with ISOTROPY. The columns indi-
cates: the irreps, the magnetic space group, and the order
parameter direction in representation space. Each irrep leads
to a particular magnetic moment ordering. We did not con-
straint the magnetic moments at the magnetic atoms Wyck-
off’s positions.
